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Abstract 
Storme, L., J.A. Thas, Complete k-arcs in PG(n, q), q even, Discrete Mathematics 106/107 
(1992) 455-469. 
This paper investigates the completeness of k-arcs in PG(n, q), q even. We determine all 
values of k for which there exists a complete k-arc in PG(n, q), q - 2 2 n > q - G/2 - y. This 
is proven by using the duality principle between k-arcs in PG(n, q) and dual k-arcs in 
PG(k - n - 2, q) (k 3 n + 4). The theorems show that the classification of all complete k-arcs 
in PG(n, q), q even and q - 2 Z= n > q - G/2 - 2, is closely related to the classification of all 
(q +2)-arcs in PG(2, q). 
1. Introduction 
Let Z = PG(n, q) denote the n-dimensional projective space over the field 
GF(q). A k-arc of points in Z: with k ?=n + 1, is a set K of k points with the 
property that no n + 1 points of K lie in a hyperplane. 
A normal rational curve in PG(n, q), 2 c rz G q - 2, is a (q + 1)-arc of PG(n, q) 
which is projectively equivalent to the (q + 1)-arc ((1, t, . . . , t”) ( t E GF(q)+} 
(GF(q)+ = GF(q) U {m}; 03 4 GF(q); t = m corresponds to (0, . . . , 0,l)). A nor- 
mal rational curve of PG(2, q) (resp. PG(3, q)) . 1s a conic (resp. a twisted cubic). 
The study of k-arcs in PG(n, q) is also interesting from a coding-theoretic point 
of view. The k-arcs of PG(n, q) and the linear MDS codes (maximum distance 
separable codes) of dimension H + 1 and length k over GF(q) are equivalent 
objects. Any result on k-arcs can be translated into an equivalent theorem on 
linear MDS codes. The k-arcs which are subsets of a normal rational curve 
correspond to GRS (generalized Reed-Solomon) codes and GDRS (generalized 
doubly-extended Reed-Solomon) codes. 
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A point p of PG(n, q) extends a k-arc K of PG(n, q) to a (k + 1)-arc if and 
only if K U {p} is a (k + 1)-arc. A k-arc K of PG(n, q) is complete if it is not 
contained in a (k + 1)-arc. Otherwise, K is called incomplete. 
The following question can then be posed. For which values of k does there 
exist a complete k-arc in PG(n, q)? We present some new answers to this 
question by using the relation between k-arcs in PG(n, q) and their dual k-arcs in 
PG(k-n-2,q) (kan+4). 
2. Known results 
Theorem 2.1 (Segre [12]). 
(a) In PG(2, q), q odd, all k-arcs satisfy k =z q + 1. 
(b) In PG(2, q), q even, any (q + 1)-arc is incomplete and can be extended to a 
(q + 2)-arc in a unique way. The point which extends a (q + l)-arc to a (q + 2)-arc 
is called the nucleus of this (q + 1)-arc. 
(c) In PG(2, q), q odd, every (q + 1)-arc is a conic. 
Remark 2.2. Theorem 2.1(c) is not valid in PG(2, q), q even. In PG(2, q), q 
even and q 2 16, at least two types of (q + 2)-arcs are known. 
Any (q + 2)-arc of PG(2, q), q = 2h and h > 1, is projectively equivalent to a 
(q + 2)-arc ((1, t, F(t)) ( t E GF(q)} U ((0, 1, 0), (0, 0, 1)) where F is a permuta- 
tion polynomial over GF(q) of degree at most q - 2, satisfying F(0) = 0, F(1) = 1 
and such that for each s in GF(q) 
F,(X) = 
F(X + s) + F(s) 
X 
is a permutation polynomial satisfying F,(O) = 0 [6, p. 1741. 
A survey of all known types of (q + %)-arcs in PG(2, q), q even and q # 64, can 
be found in [lo]; for q = 64, see [ll]. 
Theorem 2.3 (Casse and Glynn [4,5]). Every (q + 1)-arc of PG(3, q), q = 2h and 
h 2 3, is projectively equivalent to a (q + 1)-arc L = ((1, t, te, te+l) 1 t E GF(q)+} 
where e = 2” and (v, h) = 1 (GF(q)+ = GF(q) U {m}; m 4 GF(q); 00 corresponds to 
(0, 0, 0, 1)). 
Any (q + l)-arc of PG(4, q), q 2 8, is a normal rational curve. 
Further theorems 2.4. A lot of research on k-arcs in PG(n, q) is focussed upon 
the determination of lower bounds k0 such that if K is a k-arc of PG(n, q) with 
k > kc,, then K is incomplete and can be extended (in a unique way) to a 
complete (q + 2)-arc (when n = 2 and q is even) or to a complete (q + 1)-arc. 
Table 1 shows these bounds and also gives the type of the complete k’-arc L of 
which K is a subset. The results of row (i) are valid for all k-arcs K in PG(n, q), 
Table 1 
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q odd 
n 4 k k’ L 
(1) 32 q ypZh k>q-@4+n-& 9+1 ((l,t,....t”)~t~GF(q)+) 
@ prime, h L 1) 
(2) 32 q =P=+’ k>q-$&4+$$+n-l q+l ((1, t. , t”) ( t E GF(q)+) 
(p prime, h 3 1) 
(3) 32 q prime 44 
I,, 
k>,q+n-, 9+* {(I,&. ,t”) /t~GF(q)+l 
q even 
n 4 k k’ L 
(4) =2 q=22h(h21) k>q-&+I 9+2 ((1. tv F(t)) 1 t 6 GF(q)l 
u {(O, 1, O), (0, 0, 1)) 
(see 2.2) 
(5) =2 q=2Zh+‘(hzl) k>q-l&j+2 q+2 ((1, tr F(t)) 1 t E GF(q)l 
u ((0, 1. O), (RR 1)) 
(see 2.2) 
(t-9 =3 q=2h(h>1) k>q-I!&2i; 9fl ((1, t, f, I’+‘) 1 t cGF(q)+) 
(e=2”and(u,h)=l; 
see 2.3) 
(7) a4 q = 2’ (h > 2) k>q-dj/2+n-: q+’ ((1, t, , 1”) ( t 6 GF(q)+} 
These results are due to: (1) Thas [15, 171; (2), (5) Voloch [19]; (3) Voloch [18]; (4) Segre [12]; (6), 
(7) Storme and Thas 1131. 
where n and q are given in columns 2 and 3, and where the value k is larger than 
the lower bound in column 4. These k-arcs can be extended in a unique way to a 
k’-arc L where the value of k’ can be found in column 5. This k’-arc L is 
projectively equivalent to the k’-arc in column 6. 
3. MDS codes [9] 
Theorem 3.1 (the Singleton bound). Let C be a linear [n, k, d] code over GF(q), 
that is, C is a linear code of dimension k, length n and with minimum distance d. 
Thendsn-kkl. 
Definition 3.2. A linear [n, k, d] code C is called a linear MDS (maximum 
distance separable) code if and only if d = n - k + 1. 
Theorem 3.3. Let C be a linear [n, k, d] code over GF(q). Then the following 
statements are equivalent: 
(a) C Lr MDS; 
(b) every k columns of a generator matrix of C are linearly independent; 
(c) every n - k columns of a parity check matrix of C are linearly independent; 
(d) the dual code Cl is MDS. 
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Remark 3.4. Let C be a linear [n, k, d] code over GF(q), with k 3 3, and 
suppose that G is a generator matrix of C. The preceding theorem then shows 
that C is an MDS code if and only if the n columns of G constitute a n-arc of 
points in PG(k - 1, q). 
Furthermore, a linear [n, k, d] code C over GF(q), with n 2 k + 3, is MDS if 
and only if the it columns of a parity check matrix H of C constitute a n-arc of 
PG(n -k - 1, q). 
4. Duality principle for k-arcs 
Definition 4.1. Let K = {pl, . . . , pk} be a k-arc in PG(n, q), k 3 n + 4. All the 
k-arcs l? = {q,, . . . , qk} in PG(k - n - 2, q) for which the resp. coordinates 
goi, . . . 9 gnj of pi (lcick), the resp. coordinates hOi, . . . , hk_n_2.j of qj 
(1 c j sk), and the indices j of the points qj can be chosen in such a way that the 
(n + 1) x k matrix G = (g,-) and the (k - n - 1) X k matrix H = (h,) define dual 
linear MDS codes of length k over GF(q), are called the dual k-arcs in 
PG(k - n - 2, q) of K = (~1, . . . , pk}. 
Remark 4.2. It follows from Definition 4.1 that k-arcs in PG(n, q), k 2 II + 4, 
correspond to k-arcs in PG(k - II - 2, q). Hence, (non-)existence theorems on 
k-arcs in PG(n, q) yield (non-)existence theorems on k-arcs in PG(k - it - 2, q). 
Each theorem about k-arcs in PG(n, q) can be dualized. This means, a 
theorem about k-arcs in PG(n, q) gives a corresponding theorem about k-arcs in 
PG(k - n - 2, q) which can be obtained by using the relationship between linear 
MDS codes and the dual linear MDS codes (Theorem 3.3). 
Remark 4.3 [14]. The relation ‘k-arc K in PG(n, q) and dual k-arc R in 
PG(k - n - 2, q) (k 2 n + 4)’ is not a one-to-one correspondence between the 
k-arcs of PG(n, q) and the k-arcs of PG(k -n - 2, q) (k Z= II + 4). It defines a 
one-to-one correspondence between the classes of projectively equivalent k-arcs 
in PG(n, q) and the classes of projectively equivalent k-arcs in PG(k - n - 2, q) 
(k 2 II + 4). With a fixed k-arc K in PG(n, q) corresponds one class of 
projectively equivalent dual k-arcs in PG(k - IZ - 2, q). 
5. GDRS codes 
Definition 5.1 [9]. A linear [n, k, n - k + l] MDS code C over GF(q) is called a 
GDRS (generalized doubly-extended Reed-Solomon) code if and only if C has a 
generator matrix, the columns of which constitute n points of the normal rational 
curve ((1, t, . . . , t ‘-‘) 1 t E GF(q)+} in PG(k - 1, q). 
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Theorem 5.2 [9]. The dual code of a GDRS [n, k, n - k + l] code C over GF(q) 
is a GDRS [n, n - k, k + l] code Cl over GF(q). 
Hence, let K be a s-arc of PG(r, q) (s 2 r + 4) which is contained in a normal 
rational curve of PG(r, q). Then all dual s-arcs of K are contained in normal 
rational curves of PG(s - r - 2, q). 
Remark 5.3. By applying Theorem 5.2 on (l), (2), (3) and (7) of Table 1 the 
following results hold: 
(a) In PG(n, q), q =P~~, h?l,pprime,p>2, k-4>n>q-G/4-%, any 
k-arc K is contained in a unique normal rational curve. 
(b) In PG(n, q), q =pzh+‘, hal, p prime, p#2, k-4sn>q-G/4+ 
29 ~7;p - 3, any k-arc K is contained in a unique normal rational curve. 
Cc> In PGh 41, 4 P rime, q f 2, k - 4 2 n > gq - q’, any k-arc K is contained 
in a unique normal rational curve. 
(d) In PG(n, q), q =2h, h >2, k -6an >q -G/2-y, any k-arc K is 
contained in a unique normal rational curve. 
Corollary 5.4. Consider the following projective spaces : 
(a) PG(n, q), q = p2h, h 2 1, p prime, p > 2, q - 2 3 n > q - fi/4 - 2; 
(b) PG(n, q), q =P~~+‘, hal, p prime, p>2, q-2an>q-G/4+ 
29 
7SP-3; 
(cl PGh 41, 4 P rime, q#2, q-2an>gq-?$. 
In these projective spaces, every complete arc is a (q + 1)-arc. Moreover, these 
(q + 1)-arcs are normal rational curves. 
Proof. (a) q - 3 2 n. A (n + 1)-arc K of PG(n, q) is projectively equivalent to the 
(n + 1)-arc {e,,(l, 0, . . . , 0), . . . , e,(O, . . , 0, 1)). The point e,+,(l, . . . , 1) 
extends K to a (n +2)-arc. Any (n +2)-arc K’ of PG(n, q) is projectively 
equivalent to {eo, . . . , e,,,} and can be extended to a (n + 3)-arc by the point 
(1, 0, . . . , of) where w is a primitive element of GF(q). A (n +3)-arc K” of 
PG(n, q) is contained in a unique normal rational curve L of PG(n, q) [7, p. 
2291. Since IL( = q + 1 and since q > n + 3, K” is incomplete. 
All k-arcs K of PG(n, q), k 3 n + 4 (n satisfies the bounds in (a), (b) or (c)), 
are contained in a unique normal rational curve (Remark 5.3). So k s q + 1 for 
all such k-arcs in PG(n, q) and hence every (q + 1)-arc is a normal rational curve. 
(b) n = q - 2. As in (a), only the k-arcs K for which k 2 n + 3 have to be 
considered. Hence, k 2 q + 1. Every (q + 1)-arc K of PG(q - 2, q), q > 3, is 
contained in a unique normal rational curve L of PG(q - 2, q) [7, p. 2291. Since 
(LI = q + 1, K is equal to L. 
Assume that K’ is a (q + 2)-arc in PG(q - 2, q), q > 3; then K’ is a dual arc of 
a (q + 2)-arc in PG(2, q) (Definition 4.1). There are no (q + 2)-arcs in PG(2, q), 
q odd (Theorem 2.1(a)). So, there are no (q +2)-arcs in PG(q - 2, q), q odd, 
q > 3. Hence, every (q + I)-arc K of PG(q - 2, q), q odd, q > 3, is complete. 
Moreover, K is a normal rational curve of PG(q - 2, q). q 
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6. Completeness and duality 
Theorem 6.1. Let K = { pl, . . . , pk} be a k-arc in PG(n, q), k 2 n + 4, and let 
Z?= {ql,. . . ) qk} be a dual k-arc of K in PG(k - n - 2, q). 
The k-arc K can be extended to a k’-arc projectively equivalent to K’ in 
PG(n, q) (k’ > k) if and only if there exists a dual k’-arc K’ = {r,, . . . , rkr) of K’ 
in PG(k’ - n - 2, q) and k’ - k points t-k+,, . . . , rkr of K’ such that the projection 
of K’\{rk+,, . . . , rk’} from f? = (rk+l, . . . , rk!) onto a subspace PG(k -n - 2, 
q), skew to p, is a k-arc of PG(k - n - 2, q) which is projectively equivalent to K. 
Proof. Part 1. Choose the projective reference system in PG(n, q) in such a way 
that ~~(1~0, . . . , O), . . . ,pn+,(O, . . . , 0, 1). Assume that pn+r+2(aor, . . , , a,,), 
r=O,..., k - n - 2. Consider G = (Z,+,A) where I,+1 is the square identity 
matrix of order n+l and where A=(ag) (Osi<n;O6jsk-n-2) is the 
matrix whose columns are the coordinate vectors of the points pU, n + 2 < v s k, 
of K. This matrix G generates a [k, n + 1, k - n] MDS code over GF(q) (Remark 
3.4). Then H = (-ATlk_n_l), where AT is the transpose of A and where Ik_-n__l is 
the square identity matrix of order k - n - 1, defines the dual [k, k - n - 1, 
n + 21 MDS code [9, p. 51. 
so 
R = {e,,(l, 0, . . . , 0), . . . , ek-n-2(% . . . , 0, I), (-am, . . . , -aO,k--n--2), 
. . . , (-ano, . . . , -an,k-n-2)) 
is a dual k-arc of K in PG(k - n - 2, q) (Definition 4.1). 
Part 2. Assume that K can be extended to a k’-arc K’, k’ > k, of PG(n, q). 
SUppOSe that the points pk+I(aO,k-n-_l, . . . , aH,k_n-l), . . . , pk’(a0,k’_n-2, . . . , 
an,k’-n-2) extend K to a k’-arc K’ in PG(n, q). 
Let G,=(Z,+,A,), withA,=(aij) (OCiSn,OCjCk’-n-2), be the gener- 
ator matrix of the corresponding [k’, n + 1, k’ - n] MDS code C, (Remark 3.4). 
As in Part 1, HI = (-ATI,._,_,) is a parity check matrix of C,. 
This means that 
R’ = {eA(l, 0, . . . , o), . . . , e;z_,_2(0, . . . , 0, I), (-am, . . . , -acJ,+_n-_2) 
. . . , (-%oJ . . . , -an.k’-n-2)) 
is a dual k’-arc of K’ in PG(k’ - n - 2, q) (Definition 4.1). 
Project now from p = (eh_n--l, . . . , e;,_,_2) in PG(k’ -n - 2, q) onto the 
subspace 6: Xk-,,-_l = . . . = Xk’+-_2 = 0 skew to 6. The k points 
e& . . . , eL-n-2p (-am, . . . , -%,k’--n--2), . . . , (-a&, . . . , -%,k’--n--2) 
of 2’ are projected from /3 onto the points 
e& . . , e;-n-2, (-60,. . . , -aO,k-n-Zj 0, . . . , 01, . . . , 
(-ad, . . . , -an,k-n-2p O, . . . , O). 
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These k points constitute a k-arc in 6 which is projectively equivalent to l?. 
Part 3. Suppose there exists a k’-arc RI = {r,, . . . , rk,}, k’ > k, in PG(k’ - 
n - 2, q) and k’ -k points rk+,, . . . , r,, of I?’ such that the k-arc K is the 
projection of kf\{rk+,, . . . , rk,} from 6 = (rk+,, . . . , rk,) onto a subspace 6 of 
dimension k - II - 2 skew to p. 
Choose the reference system such that 
r,(-aa), . . . , -a0,k,-n-2), . . . , r,+d--ano, . . . , -an,kv-n-2), 
r,+;(O, . . . ,O, 1, 0, . . . , 0) 
with the 1 of r,+l in the (i - 1)th position (2 6 i c k’ -n). Project now from 
(rk+,, . . , rkf) onto 6: Xk-n-l =. . . = Xk,_n_2 = 0. Then the projection 
R= {(-am, . . . , -a0,k-n_2, 0, . . . , 0), . . . , 
(-a&? . . . , -an,k-n-2, 0,. . , , Oh ‘n+2, . . . , rk) 
of R’\{rk+l,. . . , rk,} is a k-arc in 6. 
As in Part 1, 
K’ = {eO(l, 0, . . . , 0), . . . , e,(O, . . . , 0, l), (am, . . . , a,“), . . . , 
(a0,kc-n-2, . . . , an,kr-n-2)) 
is a dual k’-arc of &’ in PG(n, q). Also, 
K = {eO, . . . , e,, (a,, . . . , a,& . . . , (a0.k--n-2j . . . , a&k-n-2)) 
is a dual k-arc of Z? with K E K’. So K can be extended to a k’-arc in PG(n, q) 
having as dual the k’-arc RI. 0 
Corollary 6.2. A k-arc K in PG(n, q), k a n + 4, is complete if and only if for any 
dual k-arc I? (in PG(k -n - 2, q)) of K there is no k’-arc R-I in PG(k’ - n - 2, 
q) 3 PG(k - n - 2, q), k’ > k, such that I? is the projection of R’ \PG(k’ - k - 1, 
q) from PG(k’-k - 1, q) onto PG(k -n -2, q), where PG(k’- k - 1, q) is 
skew to PG(k - n - 2, q) and generated by k’ - k points of RI. 
Theorem 6.3. In PG(n, q), q even, q = 22h, h 2 1, q - 2 3 n > q - 6 - 3 ana’ in 
PG(n, q), q even, q = 22hC1, h 2 1, q - 2 z= n > q - G - 2, is every (n + 4)-arc 
the projection of L\PG(q - n - 3, q) f rom PG(q - n - 3, q) onto PG(n, q), where 
L is a (q -t 2)-arc of PG(q - 2, q) = PG(n, q), PG(q - n - 3, q) n PG(n, q) = 0, 
and PG(q - n - 3, q) is generated by q - n - 2 points of L. 
Proof. Part 1. q = 2 2h h 2 1. Let K be a k-arc in PG(2, q) with k > q - G + 1. ,
It follows from Table 1 (4) that K can be extended in a unique way to a 
(q +2)-arc K’ of PG(2, q). Let R be a dual k-arc of K in PG(k - 4, q) 
(Definition4.1).Sinceq+2~k>q-~+1,wehaveq-2~k-4>qq_-3. 
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Hence, putting k =n + 4, Z? is a (n +4)-arc in PG(n, q), where q - 2~n > 
q-G-3. 
Let i?’ be a dual (q + 2)-arc of K’ in PG(q - 2: q). Theorem 6.1 then states 
that there exist q + 2 - k points in Z?’ such that if we project from the 
(q + 1 - k)-dimensional subspace y, generated by these q + 2 - k points of RI, 
onto a subspace 6 = PG(k - 4, q) skew to y, then Z?’ is projected onto a k-arc in 
6 which is projectively equivalent to &. 
But every k-arc l? in PG(k - 4, q), q + 2 3 k > q - fi + 1, is a dual k-arc of a 
k-arc K in PG(2, q), q + 2 2 k > q - fi + 1, so this result is valid for all k-arcs I? 
in PG(k-4,q), q+2ak>q-fi+l. Replacing k by n + 4 proves the 
theorem. 
Part 2. q = 22h+‘, h 3 1. Let K be a k-arc in PG(2, q) with q +2> k > 
q -@+2. Th’ IS arc K is contained in a (q + 2)-arc of PG(2, q) (Table 1 (5)). 
Let k be a dual k-arc of K in PG(k - 4, q). Then, putting k = n + 4, l? is a 
(n + 4)-arc in PG(n, q), where q - 2 2 n > q - fi - 2. 
Now the proof of Part 1 can be copied to show that there exists a (q + 2)-arc l?’ 
in PG(q - 2, q) and q - n - 2 points r,, . . , rrlpnp2 of i?’ such that if we project 
from y = (r,, . . . , rq_-n_2) onto a subspace PG(n, q) skew to y, then I?‘\ 
{rr, . . . , rq_n-2} is projected onto a (n + 4)-arc of PG(n, q) which is projectively 
equivalent to R. 0 
Remark 6.4. Every (q +2)-arc of PG(q - 2, q), q even, is projectively equiv- 
alent to a (q + 2)-arc Z? = ((1, t, . . . , typ2) 1 t E GF(q)+} U {(a,,, . . , ay-*)} with 
a2; = 0, i = 0, . . . , q/2 - 1 and with CyG/=;: a, = 1. Furthermore, ((1, t, F(t)) 1 t E 
GF(q)} U ((0, 1, 0), (0, 0, 1)) with F(t) = CpL,F ayp2-,Xif’ is a dual (q + 2)-arc of 
R [14]. 
So by projecting the points not in y of any such (q + 2)-arc l? of PG(q - 2, q) 
from the (q - n - 3)-dimensional subspace y, generated by any q - n - 2 points 
of I?‘, onto a subspace PG(n, q) skew to y, we get all possible types of 
(n + 4)-arcs in PG(n, q) when 0 6 q - n - 2 < fi + 1 and q = 22h, h B 1 (resp. 
0<q-n-2<fiandq=22hc’, h>l). 
Theorem 6.5. In PG(n, q), q even, q > 2, q - 4 an > q - fi/2 - ?, is every 
(n + 5)-arc the projection of L\PG(q - n - 5, q) from PG(q - n - 5, q) onto 
PG(n, q), where L is a (q + 1)-arc of PG(q - 4, q) =) PG(n, q), PG(q - n - 5, 
q) n PG(n, q) = 0 and PG(q - n - 5, q) is generated by q - n - 4 points of L. 
Proof. Let K be a k-arc in PG(3, q), q > 2, with q + 12 k > q - G/2 + 5. This 
k-arc K is contained in a unique (q + l)-arc L of PG(3, q) (Table 1 (6)). Let Z’? be 
a dual k-arc of K (Definition 4.1). Then R is a k-arc of PG(k - 5, q) with 
q-4>k-5>q-J@2-+ The dual (q + 1)-arcs of L are (q + l)-arcs in 
PG(q - 4, q). 
We may now conclude from Theorem 6.1 that there exists a (q + l)-arc L’ in 
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PG(q - 4, q) and q + 1 - k points r,, . . . , rq+l_k of L’ such that if we project 
from y = (rI, . . . , rq+,-k) onto a subspace 6 = PG(k - 5, q) skew to y, then the 
points of Z,‘\{r,, . . . , I~+,-~} are projected onto the k points of a k-arc in 6 
which is projectively equivalent to Z?. 
Also, every k-arc Z? of PG(k - 5, q), with q - 4 2 k - 5 > q - 1/q/2 - 9, is a 
dual k-arc of a k-arc (with q + 1 2 k > q - G/2 + i) in PG(3, q). 
So, substituting it = k - 5 proves the theorem. 0 
Theorem 6.6. Any (q + 1)-arc of PG(q - 4, q), q = 2h, h 3 3, is projectively 
equivalent to a (q + l)-arc K = ((1, t, . . . , tq-‘-‘, t4-‘, . . . , t4-“) [ t E GF(q)} U 
{rq_2_e} where e = 2”, (v, h) = 1 and with r,_,_, having a one in position 
q - 1 - e and zeros elsewhere. (Remark: for e = 2, we have K = 
((1, t, . . . , C4) ) t E GF(q)+}.) 
Proof. A (q + 1)-arc of PG(q - 4, q) is a dual arc of a (q + 1)-arc R in PG(3, q) 
(Definition 4.1). Every (q + I)-arc of PG(3, q), q = 2h, h 2 3, is projectively 
equivalent to a (q + I)-arc L = ((1, t, t’, trt’) 1 t E GF(q)+}, with e = 2” and with 
(v, h) = 1 (Theorem 2.3). Since all dual (q + 1)-arcs in PG(q - 4, q) of a 
(q + 1)-arc in PG(3, q) are projectively equivalent (Remark 4.3), it is sufficient to 
find one dual arc of such a (q + 1)-arc L in order to classify all types of 
(q + 1)-arcs in PG(q - 4, q). 
It will now be shown that the matrices 
and 
q-2-e 
Xl 
q--e 
XI 
q-3 
Xl 
. . . 
. . . 
. . . 
. . . 
. , . 
1 1 
x4-2 0 
q-2-e 
xq-2 0 
X:1; 0 
x4-i 
q-3 0 
0 
1 
0 
where xi=xi (l<ia q - 2) with x a primitive element of GF(q), define dual 
codes. Let gi = (giI . . . gi,q+l ) be row i of G and let hi = (hi, . * . h,.,,,) be row Z of 
H. We will now show that the inner product gi . hi = CyZ; gi,hjT is zero. Each 
inner product g,. hj (Oci c 3; 06 j d q - 4) is either q . 1 = 0 or CzeGFCq)* zr 
where r = 1, 2, . . . , q - 2 C@(q)* = GF(q)\{O)). 
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Since LGF(~)* zr = 0 for r + 0 mod (q - 1) (see Lemma 3.3 of [14]), all inner 
products gi . hi are zero (0 SiC3;OSjSq-4). Hence G and H define dual 
codes [9, p. 261. The columns of G are the points of a (q + 1)-arc in PG(3, q). So 
G generates an MDS code (Remark 3.4) and H generates the dual MDS code 
(Theorem 3.3). Hence, the columns of H constitute a dual (q + 1)-arc in 
PG(q - 4, q) of L (Definition 4.1). Consequently i = ((1, f, . . . , tq-2--e, 
t q--e * . , 
q). ’ b 
tq-3) 1 t E GF(q)} U {rq_2_e} . IS a dual (q + 1)-arc of L in PG(q - 4, 
Remark 6.7. Consider in PG(q - 4, q), q = 2h, h 2 3, all the (q + 1)-arcs 
L = { (1, t, . . . ) tq-2--e, t+, . . . ) tq-3 ) ( t E GF(q)} U {rq-2--e} (e = 2”, (v, h) = 1). 
Then by projecting the points not in y of any such (q + 1)-arc L of PG(q - 4, q) 
from the (q - n - Q-dimensional subspace y, generated by any q - n - 4 points 
of L, onto a subspace PG(n, q) skew to y, we get all possible types of (n + 5)-arcs 
inPG(n,q)whenO<q-n-4<6/2-2. 
7. Complete (n + 4)-arcs and complete (n + 5)-arcs in PG(n, q) 
Theorem 7.1. There exist complete (n +4)-arcs in PG(n, q), q even, q > 4, 
q-4>n>q-G/2+. Th e complete (n + 4)-arcs in these projective spaces 
PG(n, q) are the dual arcs of the k-arcs K (k = n + 4) in PG(2, q) (q z k > 
q - G/2 + i) which are contained in any q-arc L of PG(2, q) which is not 
projectively equivalent to a q-arc ((1, t, t”) ( t E GF(q)}, with e = 2”, q = 2h, 
(v, h) = 1. 
Proof. Let K be a (n + 4)-arc in PG(n, q), q - 4 3 n > q - G/2 - y. Assume 
that R is a dual k-arc of K (Definition 4.1). Then l? is a (n + 4)-arc in PG(2, q). 
Equivalently, k is a k-arc in PG(2, q), q = 2h, q 3 k > q - G/2 + 3 (k = n + 4). 
It then follows from Table 1 (4) and (5) that Z? is contained in a (q +2)-arc of 
PG(2, q). 
The (n + 4)-arc K is incomplete if and only if there exists a (k + l)-arc k’ in 
PG(3, q) and a point r of R’ such that if we project from r onto a plane 6 not 
containing r, then k’\(r) is projected onto a k-arc of 6 which is projectively 
equivalent to R (Theorem 6.1). 
The arc &’ is a (k + 1)-arc of PG(3, q) for which q + 12 k + 1 > q - G/2 + 5. 
It then follows from Table 1 (6) that I?’ is contained in a (q + 1)-arc L of 
PG(3, q) where L is projectively equivalent to a (q + 1)-arc ((1, t, fe, tr+‘) 1 t E 
GF(q)+}, with e = 2”, q = 2h, (v, h) = 1. 
The (q + 1)-arc M = ((1, t, t”, te+‘) 1 t E GF(q)+} of PG(3, q) is fixed by a pro- 
jective group which acts sharply 3-transitive on M [7, p. 2521. So all points of 
M are equivalent with respect to M. Assume that we project from the point 
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(0, 0, 0,l) of M onto X3 = 0. Then M\{(O, 0, 0, l)} is projected onto the 
q-arc ((1, t, t”) 1 t E GF(q)} of X3 = 0. 
It then follows from the beginning of this proof that the (n + 4)-arc K is 
incomplete if and only if its dual (n + 4)-arc Z? is contained in a q-arc of 
PG(2, q) which is projectively equivalent to a q-arc ((1, t, t’) 1 t E GF(q)} 
(e = 2’: q = 2h, (v, h) = 1). 
So the dual (n +4)-arcs K in PG(n, q), q > 4, q - 4 2 n > q - G/2 - v, of 
k-arcs R in PG(2, q) (k = n + 4, q 3 k > q - fi/2 + 3) which are not contained 
in a q-arc of type ((1, t, t’) 1 t E GF(q)} (e = 2”, q = 2h, (v, h) = 1) are complete 
(n + 4)-arcs of PG(n, q). 
We prove that such k-arcs I? exist in PG(2, q). Consider the conic C = 
((1, t, t*) 1 t E GF(q)+) in PG(2, q). The nucleus (0, 1,0) extends C to a (q + 2)- 
arc. Consider a k-arc R consisting of k - 1 points of the conic C and the nucleus 
(0, 1, 0), and suppose that q 3 k > q - G/2 + 2. We show that this k-arc I? is not 
contained in a q-arc L which is projectively equivalent to a q-arc N = 
((1, t, t’) ) t E GF(q)} (e = 2*, q = 2h, (v, h) = 1). Such a q-arc N is fixed by a 
projective group G defining on N a sharply 2-transitive group G’ consisting of the 
transformations (Y : t#at + b with a E GF(q)* and b E GF(q) [6, p. 1781. 
Assume that R is contained in a q-arc N’ projectively equivalent to N. 
Consider the permutation group G” of N’ which corresponds to G’. Let p be an 
element of G” which does not fix (0, l,O). Then 
I(Q(0, 1, 0))) n MQ(O, 1, O)]))l 2 2IR\{(O, 1, O))l - IN’I. 
So at least 2(q - G/2 + 4) - q = q - 6 + 4 points of R\{(O, 1, 0)) must be 
mapped onto points of R\{(O, 1, 0)). These q - fi + 4 points all belong to the 
conic C. Hence /I must fix the conic C since q - G + 4 3 5. So p must fix the 
nucleus (0, 1,0) of the conic C. We have a contradiction. 
Hence 2 is not contained in a q-arc which is projectively equivalent to such a 
q-arc ((1, t, t”) ( t E GF(q)} (e = 2”, q = 2h, (v, h) = 1). It then follows from the 
beginning of this proof that all dual k-arcs K of Z? are complete (n + 4)-arcs in 
PG(n, q), q - 43n > q -G/2 - y (k = n + 4). So, there exist complete (n + 
4)-arcs in PG(n, q), q - 4 3 n > q - fi/2 - y, q > 4. •! 
Corollary 7.2. There exist complete 8-arcs in PG(4, 8). 
Proof. We apply Theorem 7.1 for q = 8. When q = 8, then q - 4 2 n > q - 
G/2 - y implies n = 4. So k = n + 4 = 8. 
Hence, there exist complete 8-arcs in PG(4,8). 0 
Theorem 7.3. There exist complete (n + 5)-arcs in PG(n, q), q even, q f64, 
q-5>n>q--~/2-~. In PG(n,64), n E (58, 59}, no complete (n + 5)-arcs 
exist. 
The complete (n + 5)-arcs of PG(n, q), q even, q # 64, q - 5 2 n > q - fi/2 - y-, 
466 L. Storme, J.A. Thas 
are the dual arcs of the k-arcs K (k = n + 5) in PG(3, q) (q > k > q - .L/;;/2 + s) 
which are not a subset of a twisted cubic of PG(3, q). 
Proof. The inequality 4 - 5 >n>q-G/2-9 impliesga32. 
The (n + 5)-arcs K of PG(n, q), q - 5 3 n > q - j/q/2 - 9, are dual arcs of 
k-arcs R (k = n + 5) in PG(3, 9) where q 2 k > q - G/2 + $. It follows from 
Table 1 (6) that R is contained in a (9 + 1)-arc L of PG(3, q). This (4 + 1)-arc 
L is projectively equivalent to a (q + l)-arc ((1, t, te, tPC’) 1 t E GF(q)+} with 
e = 2”, q = 2h, (v, h) = 1. 
The (n +5)-arc K is incomplete if and only if there exists a (k + 1)-arc g’ in 
PG(4, q) and a point r of l?’ such that if we project from r onto a hyperplane 6 
not containing r, then k’\(r) is projected from r onto a k-arc of 6 which is 
projectively equivalent to R, where R is a dual k-arc of K in PG(3, 4) (Theorem 
6.1). 
The (k + 1)-arc RI satisfies q + 1~ k + 1> q - fi/2 + 9. Table 1 (7) then 
states that k’ is contained in a normal rational curve of PG(4, q). 
Let r be a point of R’. If we project from r onto a hyperplane of PG(4, q) not 
containing r, then R’\(r) is projected onto a k-arc of PG(3, q) which is a subset 
of a twisted cubic of PG(3, q). So, K is incomplete if and only if its dual k-arc Z? 
(k = n + 5) in PG(3, q) is a subset of a twisted cubic of PG(3, 9). 
In PG(3, q), q 2 32, q # 64, different types of (q + 1)-arcs exist [7, p. 2531. As 
every k-arc R with k > (q + 4)/2 of PG(3, q) is contained in a unique complete 
arc of PG(3, 9) [l, p. 61, there exist k-arcs /? (q 2 k > q - G/2 + 5) which are 
not a subset of a twisted cubic. Hence, in PG(n, q), q 2 32, q # 64, q - 5 > n > 
q-V&2-% c omplete (n + 5)-arcs exist. 
In PG(3, 64) only one type of 65-arc exists, namely the twisted cubic. So all 
k-arcs of PG(3, 64), 64 3 k b 63, are contained in a 64-arc on a twisted cubic. 
Hence, no complete (n + 5)-arcs exist in PG(n, 64), 59 2 n 2 58. 0 
8. Complete k-arcs in PG(n, q), q even 
Theorem 8.1. The values of k for which there exists a complete k-arc in PG(n, q), 
q=2h, 9332, qf64, q- 5>n>q--G/2-!$, are k=n+4, k=n+5 and 
k=q+l. 
Also, for these values of n and q, every (q + l)-arc of PG(n, q) is a normal 
rational curve. 
Proof. For k=n+l, k=n+2, k=n+3, see the first part of the proof of 
Corollary 5.4. It follows from Theorems 7.1 and 7.3 that there exist complete 
(n + 4)-arcs and complete (n + 5)-arcs in PG(n, q), q 2 32, q # 64, q - 5 2 n > 
q - fi/2 - J$. 
Let K be a k-arc of PG(n, q), q 2332, q #64, q -5zn >q -G/2-?‘, 
k 2 n + 6 (in particular k = q + 1). This k-arc can be extended in a unique way to 
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a normal rational curve of PG(n, q) (Remark 5.3(d)). Moreover, these normal 
rational curves are complete [13]. 
Hence, a k-arc K of PG(n, q), q 2 32, q # 64, q - 5 2 n > q - fil2 - y, 
k > n + 6, is complete if and only if k = q + 1. q 
Theorem 8.2. If K is a complete k-arc in PG(n, 64), n E (58, 59}, then K is a 
(n + 4)-arc or a 65arc; also, every 65-arc of PG(58, 64) or PG(59, 64) is a normal 
rational curve. 
Proof. For k = n + 1, k = n + 2 and k = n + 3, see the first part of the proof of 
Corollary 5.4. In PG(n, 64), n E (58, 59}, there exist complete (n + it)-arcs 
(Theorem 7.1). Further, there are no complete (n + 5)-arcs in PG(n, 64), 
n E (58, 59) (Theorem 7.3). 
Every k-arc K of PG(n, 64), n = 58 or n = 59, with k 2 n + 6 (in particular 
k = q + l), is contained in a unique normal rational curve of PG(n, 64) (Remark 
5.3(d)). Moreover, these normal rational curves are complete [13]. So K is 
complete when k = 65. q 
Theorem 8.3. If K is a complete k-arc in PG(q - 4, q), q > 4 and q even, then K 
is a q-arc or a (q + 1)-arc; any (q + 1)-arc of PG(q - 4, q) is a dual arc of a 
(q + 1)-arc in PG(3, q). 
Proof. The values k = n + 1, k = n + 2 and k = n + 3 (n = q - 4) are treated in 
the same way as in the preceding theorems. 
Let K be a (n +4)-arc in PG(q - 4, q) (n = q - 4). Hence K is a q-arc in 
PG(q - 4, q). It then follows from Theorem 7.1 that there exist complete q-arcs 
in PG(q - 4, q). 
Every (q + 1)-arc of PG(q - 4, q) is complete [13]. So there are no (q + 2)-arcs 
in PG(q - 4, q). The duality principle (Definition 4.1) shows that a (q + 1)-arc of 
PG(q - 4, q) is a dual arc of a (q + 1)-arc in PG(3, q). 0 
Theorem 8.4. In PG(q - 3, q), q even, q Z= 8, the only complete arcs are the 
(q + 1)-arcs. These (q + 1)-arcs of PG(q - 3, q) are the dual arcs of the (q + l)- 
arcs in PG(2, q). 
Proof. As in the preceding theorems, only the values k 2 n + 4 = q + 1 (n = 
q - 3) have to be considered. 
Let K be a (q +2)-arc in PG(q - 3, q). Then K has a dual (q + 2)-arc Z? in 
PG(3, q). No (q +2)-arcs exist in PG(3, q), q 2 8 [3]. So there are no 
(q +2)-arcs in PG(q - 3, q). Hence, in PG(q - 3, q), q even, q 2 8, the only 
complete arcs are the (q + 1)-arcs and these (q + 1)-arcs are the dual (q + 1)-arcs 
of the (q + 1)-arcs in PG(2, q) (Definition 4.1). q 
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Table 2 
4 n k=n+4 k=n+5 k=q+l k=q+2 
q =p2h, ha 1, q-23n>q-fiJ4-g + 5.4 
p>2,pprime 
q=p’*+‘, h31, q-2z=nrq-d&/4+~&-3 t 5.4 
p>2,pprime 
q prime, q >2 q-2an>gq-$f + 5.4 
q=2h,qs32,q+64 q-5an>q-vq/2-y + + + 8.1 
q=64 n = 58 or n = 59 + + 8.2 
q=2h, qd8 q-4 + +’ +’ 8.3 
q=2h, qP8 q-3 +2 +2 8.4 
q=2h, qs4 q-2 + 8.5 
‘Heren+S=q+l. 
*Heren+4=q+l. 
Theorem 8.5. In PG(q - 2, q), q even and q > 2, the only complete arcs are the 
(q + 2)-arcs. These (q + 2)-arcs are the dual arcs of the (q + 2)-arcs in PG(2, q). 
Proof. Every (n + 3)-arc of PG(n, q), 2 =S n <q - 2, is contained in a unique 
normal rational curve [7, p. 2291. Hence, every (q + 1)-arc of PG(q - 2, q) is a 
normal rational curve. A normal rational curve of PG(q - 2, q), q even, can be 
extended to a (q +2)-arc in different ways [14, Theorem 3.121. In PG(q - 2, q) 
no (q + 3)-arcs exist [16]. So, the only complete arcs in PG(q - 2, q) are the 
(q +2)-arcs. They are the dual arcs of the (q +2)-arcs in PG(2, q) (Definition 
4.1). cl 
Summary 8.6. Table 2 presents a summary of the results of Corollary 5.4 and 
Section 8. In the first two columns the values for q and n are given. Columns 3, 4, 
5 and 6 give the values of k for which k-arcs are considered in PG(n, q). A ‘ + ’ in 
column 3, 4, 5 or 6 means that there exists a complete k-arc in PG(n, q). The last 
column shows the section in which the corresponding theorem is stated. 
References 
[l] A. Blokhuis, A.A. Bruen and J.A. Thas, Arcs in PG(n, q), M.D.S. codes and three 
fundamental problems of B. Segre-some extensions, Geom. Dedicata 35 (1990) l-11. 
[2] A.A. Bruen, J.A. Thas and A. Blokhuis, On M.D.S. codes, arcs in PG(n, q) with q even, and a 
solution of three fundamental problems of B. Segre, Invent. Math. 92 (1988) 441-459. 
[3] L.R.A. Casse, A solution to B. Segre’s problem Z,,q, Proc. 7th Gsterreichischer Mathematiker- 
kongress, Linz, 1968. 
[4] L.R.A. Casse and D.G. Glynn, The solution to Beniamino Segre’s problem Z,,4, r = 3, q = 2h, 
Geom. Dedicata 13 (1982) 157-163. 
[5] L.R.A. Casse and D.G. Glynn, On the uniqueness of (q + l),-arcs of PG(4, q), q = 2h, h 3 3, 
Discrete Math. 48 (1984) 173-186. 
Complete k-arcs in PG(n, q), q even 469 
[6] J.W.P. Hirschfeld, Projective Geometries over Finite Fields (Oxford Univ. Press, Oxford, 1979). 
[7] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions (Oxford Univ. Press, Oxford, 
1985). 
[8] J.W.P. Hirschfeld and J.A. Thas, General Galois Geometries (Oxford Univ. Press, Oxford, 
1991). 
[9] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes (North-Holland, 
Amsterdam, 1977). 
[IO] C.M. O’Keefe and T. Penttila, A new hyperoval in PG(2,32), J. Geom., to appear. 
[ll] T. Penttila and I. Pinneri, private communication, 1991. 
[12] B. Segre, Lectures on Modern Geometry (Cremonese, Roma, 1961). 
[13] L. Storme and J.A. Thas, M.D.S. codes and arcs in PG(n, 4) with 4 even: An improvement of 
the bounds of Bruen, Thas and Blokhuis, J. Combin. Theory, to appear. 
[14] L. Storme and J.A. Thas, k-arcs and dual k-arcs, Ann. Discrete Math., to appear. 
(151 J.A. Thas, Normal rational curves and k-arcs in Galois spaces, Rend. Mat. (6) 1 (1968) 331-334. 
(161 J.A. Thas, Connection between the Grassmannian G,_,;, and the set of the k-arcs of the Galois 
space Sn.4, Rend. Mat. (6) 2 (1969) 121-134. 
[17] J.A. Thas, Complete arcs and algebraic curves in PG(2, q), J. Algebra 106 (1987) 451-464. 
[18] J.F. Voloch, Arcs in projective planes over prime fields, J. Geom. 38 (1990) 198-200. 
[19] J.F. Voloch, Complete arcs in Galois planes of non-square order, in: J.W.P. Hirschfeld, D.R. 
Hughes, J.A. Thas, eds., Advances in Finite Geometries and Designs (Oxford Univ. Press, 
Oxford, 1991) 401-406. 
